It is very important to calculate the amount of radiation from a black hole as the radiation from a black hole contributes to its entropy. In this paper I have calculated the Entropy of a black hole from the action. I have used path integral formalism to calculate the second order perturbation of the metric in the action for a generalized Kerr-Newman metric.
Introduction
The "no hair theorem" states that a black hole formed in a gravitational field will collapse rapidly in a quasistationary state which can be completely characterized by three parameters:mass M, Charge Q, and angular momentum J. However,classically there will be multiple internal configurations corresponding to a particular set of values of the three parameters. According to classical theory the number of possible configurations will be infinite but taking quantum mechanics into account the number of possible states will be restricted by the fact that the wavelength of the particle should be less than the size of the black hole formed from gravitational collapse. Thus, there is supposed to be a finite number of configurations for a black hole which will give rise to a finite entropy and the black hole will emit radiation like a body with temperature as given by S.Hawking
where T H is the characteristic temperature,S is the entropy of the black hole, M is the mass, J is the angular momentum and Q is the charge of the black hole. The aim of this paper is to calculate the entropy for a Kerr-Newman black hole using the path integral formalism upto second order perturbation and to evaluate the partition function from which we can calculate the partition function to evaluate the entropy of a black hole with mass M, charge Q and angular momentum J. Path integral formalism is preferred in quantization of gravity as higher dimensions in String theory introduces background dependence of spacetime while cannonical quantization and loop quantum gravity breaks general covariance of spacetime. The partition function using the path integral approach is given by
is integration over the space of metric and d[φ] is the path integral measure over the space of all matter fields.Gibbons and Hawking has calculated the action for a Schwarzchild black hole without charge or angular momentum; here we will adopt a similar methodology to calculate the classical contribution to the action i.e. the zeroth order action for a generalized Kerr Newman black hole. In the second part of the paper we will see how to calculate the quantum partition function by introducing perturbations to the the background metric.
The Zeroth order contribution to the action
The background solution here is taken to be the Kerr-Newman spacetimes.The kerr-newman line element in B-L coordinate with God's unit 8πG = = 1 = c = 1 4πǫ 0 is
The electromagnetic part is given as (in B-L coordinates)
The horizons are obtained by solving the equations ∆ = 0 Solving it and we find the value of
for the horizon. Now let's write the Einstein equations
The Maxwell field has the stress tensor
which clearly has trace T = 0 and therefore R = 0. In 3+1 approach we use foliation of spacetime where the spacetime hypersurfaces are split in constant time surfaces. Yhe three dimension hypersurfaces have intrinsic curvature given by the Riemanian tensor while the hypersurface of constant time has extrinsic curvature given by the second fundamental form K ij arising from the embedding of the 3D hypersurface in the four dimensional spacetime. After implementing the Einstein equations, the partition function becomes
The action for the metric g over a region Y with boundary ∂M is given by Gibbons and Hawking as
The surface term B is chosen such that it satisfies Einstein's equations and vanish at the boundary B = (8π) −1 K (2.10)
where K is the trace of the second fundamental form at the boundary in metric g. Now we focus on evaluating this background action functional explicitly in the Kerr-Newman spacetimes. Note the important features of this spacetimes. It has a time-Killing field ∂ ∂t i.e., L ∂ ∂t g 0 = 0, (2.11)
L being Lie derivative. Here onwards for simplicity, g 0 is denoted by g. In addition, we have
Clearly now, we may take ∂M to be a constant r hypersurface. The unit normal vector may be taken to be one which is proportional to ∂ ∂r that is n = a ∂ ∂r satisfies g(a ∂ ∂r , a ∂ ∂r ) = −1 (2.13)
We compute a from this condition using the Kerr-Newman metric and thus the normal vector becomes
The second fundamental form K ij of the boundary may be computed as follows
here i, j are t, θ, and φ. Using the expression of n obtained previously,we can explicitly compute K. Now take the trace of K with respect to h ij that is h ij K ij , which is the metric of the boundary that is after setting r = r 0 in the line element (metric h ij may simply be found by inverting h ij ).
where ∂ ∂n d∂M is the derivative of the area d∂M of ∂Y as each point of ∂Y is moved an equal distance along the outward normal n. The regularity of the metric at the horizon requires that the point (t, r, θ, φ) to be identified with (t + ι2πκ −1 , r, θ, φ) where κ is given by Hawking as
Thus, in Kerr-Newman solution near the ergosphere where ∆ → 0
(2.21)
Let us now concentrate on the Electromagnetic sector. The equation of motion is
(2.22)
The quadratic term in the Lagrangian may be simplified as follows
Using equation of motion, this reduces to
( 2.23) Therefore, the action reduces to
Thus, only two terms in F µν are important
The Action with Second order perturbation
The partition function is given by
We can write the scalar curvature R explicitly in terms of g µν . This will contain the second derivatives which may be reduced to terms containing only boundary integral by integration by parts. This boundary integral may be related to the second fundamental form of the boundary already calculated in the previous section
In order to cancel the boundary term, we need to add the negative of the boundary term to the action
where d∂M is the volume form on the boundary of the spacetime i.e., ∂M and K is the trace of the second fundamental form of the boundary with respect to the induced metric on the boundary. We will focus on the action term
The quantum partition function may be computed by the method of stationary phase after splitting the metric into background and perturbations (3.7)
The partition function with source term is given by
where L is the Lagrangian and J is the source term. For a free field the partition function becomes
where N is basically the Zeroth order term and W [J] is the source term.
The Proca action describes a massive spin-1 field of mass m in Minkowski spacetime. The corresponding equation is a relativistic wave equation called the Proca equation. The Proca Lagrangian for an Electromagnetic field is given by
where the first term is the electromagnetic term and the second term is the source term. Calculating the electromagnetic term
Thus the action becomes
The zeroth order action is given by
Considering only the gravity term the action becomes
Now we will apply perturbation to the curvature term to evaluate the action.
Let us just write down some important identities
The total variation of R µν may be written as
The second variation of R αβ may be computed as
(3.21)
( 3.22) Also we have the expansion
where µ g = −det(g) is the volume element of the metric space. Let us now write the Lagrangian with this perturbed entities
By virtue of the field equations, the first order variation vanishes. The second order terms may be expressed fully in the following section. Let us first compute some unknown terms
We will now explicitly write different quadratic terms
(3.26)
The background manifold is not defined by any unique and natural way, but by some non-trivial method of identifying all solution manifolds. In our case, we have introduced a particular geometric coordinate system in each solution manifold, and then identified those points of different solution manifolds that have the same values of these coordinates. The choice of particular geometric coordinates in all solutions is usually a consequence of a gauge choice (or coordinate condition).Hence, it is the gauge fixing that defines points of a background manifold in general relativity. Note the following identities which will be required for gauge fixing later.
An obvious choice of G(h (α) µν ) could be the harmonic gauge choice (C(x) ≡ 0)
General Relativity is a gauge theory in the sense that it is invariant under diffeomorphic transformations.Diffemorphism may be seen as a local (gauged) version of translations δx µ −→ a µ (x). In order for the theory to be diffeomorphism invariant, a covariant derivative ∇ must replace partial derivatives ∂ (a general, dynamic metric g tensor must replace Minkowski metric η as well). Note that the spacetime manifold is actually an equivalence class of pairs (M, g), where two metrics are viewed as equivalent if one can be obtained from the other through the action of the diffeomorphism group Diff(M). The metric is an additional geometric structure that does not necessarily solve any field equation. In the path integration, we have
From the gauge invariance of the second order Lagrangian, we have 3.30) and therefore,
We may now write the functional determinant as follows
The gauge fixing yields the following quadratic term
The second variation of the scalar curvature is given as
(3.34) and after imposing the gauge invariance
and where β = 1 T , and H is the Hamiltonian. This could eventually be transformed into the path integral language, where the time t = iβ and the trace implies that the initial and the final states are the same and therefore in terms of imaginary time propagation, there is a periodicity in the imaginary time. So, transform the time everywhere to the imaginary time τ and do the integration over the horizon in the limit given in Hawking's paper. The entropy may be computed as
(3.40)
Conclusion
In 1973, Stephen Hawking and Jacob Bekenstein showed that black holes should slowly radiate away energy, which poses a problem. From the no-hair theorem, one would expect the Hawking radiation to be completely independent of the material entering the black hole. Nevertheless, if the material entering the black hole were a pure quantum state, the transformation of that state into the mixed state of Hawking radiation would destroy information about the original quantum state. This violates Liouville's theorem and presents a physical paradox. In July 2004, Stephen Hawking published a paper presenting a theory that quantum perturbations of the event horizon could allow information to escape from a black hole, which would resolve the information paradox. His argument assumes the unitarity of the AdS/CFT correspondence which implies that an AdS black hole that is dual to a thermal conformal field theory.
Hawking has calculated the action and partition function for a Schwarzchild Black Hole. The solution for a Schwarzchild black hole is quite simple; here the calculations are done for a generalized Kerr-Newman black hole for a generalized metric with curved spacetime.
Here, path integral formalism is used to calculate the second order perturbation term and the zeroth order term for the action. The first order term is always zero due to the definition of least action. However, there is much scope for improvement in further generalizing the calculations. Further work can be done to calculate the higher order perturbation terms in gravity to obtain a renormalizable theory for gravity.
